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“We aways have to lay speciad emphasis on mathematical
analogies because the concentration on them can promote the
development of science”

A .N.Kolmaogorov [1]

In this paper, we construct a family of Lyapunov energy functions for
generalized replicator equations and show that virtually al existing entropy
characteristics and measures of distance between probability distributions belong to
this family of functions.

Generalized replicator equations determine the evolution of probability

distributions p(t) = (p, (t),.... p, (t)) €c .wheres ={peR": p 20,i=1..,n,e p=1]

- isthe standard simplex in Euclidean n-space R", e- isthe unit vector.
These equations are written as [2]

p=h(p)f (pi)[Zwu fi () =07(P) 2wyt (p)) fk(pk)]i =L..n (@)
j=1 j k=1
Here, f, are nonlinear response functions satisfying the conditions f, (0)=0,
of, /op >0 p >0, and of /op, >0for p =0; W =(w, ) is the matrix of interactions;
the function h:c —(0,] is determined by the particular problem under
consideration; 0(p)=(e f(p)), where (.-) is the inner product; and

f(p)=(f, (P, f.(P,))- Obviously, since ( p(t),e)=0and f, (0) =0, the simplex

o and each of itsfaces are invariant sets of system (1).

System (1) has avery wide range of applications, from mathematical geneticsto
neural networks [2, 3]. Recently, it was shown [4] that system (1) can be obtained
from Boltzmann-like equations. Thus, there are grounds for believing that system (1)



determines the evolution of probability distributions for a fairly wide variety of
Jprocesses.

To state the main theorem, we need some preliminary results. First, it is
convenient to pass to the matrix form of representation. In this form, system (1)
becomes

p=h(p)D(f)(WF —e0™*(p)(fWF)) (2)
where D( f)=diag( f,,..., f,).
If the matrix W is nondegenerate, then system (2) has at most one isolated
equilibrium point in Intc , which we call nontrivial.
Statement 1[2]. System (2) has a unique nontrivial equilibrium point p e Intc
if and only if the vector Weis either strictly positive or strictly negative.
The coordinates of this equilibrium point are determined from the system

f /< f ,e> =We/ (ewe) 3)
where f =(f,(p,),... f,(P,)). Let us introduce the notation W e =b; then, for f,
we obtain the following system of (n+1) eguations:

p="~f"(db) i=1..n, Zf{l(m):l, where A- is an auxiliary variable
i=1

similar to the Lagrange multiplier. Obvioudly, this system has a unique solution if all
the b are of the same sign.

Definition [5]. A continuous function on the phase space of a dynamical system
is caled a Lyapunov energy function if it has continuous time derivative positive on
the set of nonwandering points constrained to the system.

Theorem 1[2]. If the matrix W is symmetric, then the function

E(p)=(f(p).W (p))0*(p) (4
IsaLyapunov energy function for system (2).
Corollary [2]. If system (2) has a nontrivial equilibrium point p e Into , then it
istotally stablein Intc if and only if the matrix W has (n—1) negative characteristic

numbers.

An estimate for the characteristic numbers of real matrices smaller than the
maximum number isgivenin [6].

Now, we can state the main resullt.

Theorem 2. If W=W" and system (2) has a nontrivial equilibrium point
p € Intc which istotally stablein Ints , then the function

H, (p):iT fld))(()

=

()



where 0<g <1 i=1..,n aresome constants, isaLyapunov energy function for
system (2).

Proof. For the derivative of the function H constrained to system (2), we have

H, =h(p)((fw, £)-(f.e)o (p)(f.0r)).
Taking into account relations (3), we obtain
H, =h( p)ée(<e,W‘le>_1 —(f W >6‘2),
and taking into account (4), we obtain
H, =h(p)66(E(p)—-E(p))=0. (6)

This inequality is obvious, because the function E increases and attains its maximum
at the point p, which proves the theorem.

It is also obvious that, if F:R' —R' - is some monotonically increasing
smooth function and C is anumber, then the function

He =F(H, (p))+C (7)
is also a Lyapunov energy function for system (2).
To go further, we need one more result. Note that function (4) can be rewritten as
E (X) = (x,Wx) , where the auxiliary variables x =(x,,..., X, ) are defined by the
formulas
x(p)="f(p)/6(p) i=1..n. (8)

Obviously, xeo . The natural question arises. When does transformation (8) have a
one-to-one inverse? The answer to this question is rather unexpected.

Theorem 3 [2]. Transformation (8) has a one-to-one inverse if and only if the
functions f, are power functions of the same degree, i.e.,

fi(pl):dipla

where d. >0,i=1,..,n, a>0.

In this case, the inverse transformation is determined by the relations
1 1

1 1
p=(d*x)97"(x), 9(x)=>dxe.

Note that the existence and stability of a nontrivial equilibrium point of the
system are completely determined by the properties of the interaction matrix W and
do not depend on the particular form of the functions f,(p),i=12,...,n.

Below, we consider examples which show how two known entropy

characteristics can be assigned a system of form (2) such that the given characteristic
are Lyapunov energy functions for this system. We consider only two examples,



although it is easy to show that the approach applies to virtually all of the existing
entropy characteristics[7].

Example 1. The Shannon entropy. Suppose that the matrix W satisfies the
conditions of Theorem 2 and is stochastic. Take the following functions f, (p,):

fi(pi):(l_ln pi)_l
Obviously, f;(0)=0, f;(1)=1,and of,/op, >0 ontheinterva [0, 1].

The condition We=e implies that system (2) has a nontrivial position
equilibrium, which is the uniform distribution p=(n",..,n™"). Substituting the
functions f, thus defined into (5), taking into account that the function H,(p) is
determined up to an arbitrary constant, and setting ¢, =0, i =12,...,n, we obtain the
Shannon entropy

Ho(p)=—2pilnpi-

Example 2. The Tsadlis entr_opy [8].
Suppose that the matrix W satisfies the conditions of Example 1. As the
functions f, (p,), wetake

fi(p)=p" 0<g<l 9
Next, we apply (7). Setting F(p):qn(l—q)leo(p), and C:—(l—q)fl ,
performing ssimple calculations, and taking for ¢ =0, i=12,..,n we obtain the
Tsallis entropy

S,(p)= (Z pf —1j /(1— a) (10)

Note that this conclusion is valid only if 0<qg<1. The lower bound is
determined by the requirement that the improper integrals in (5) must converge and
the upper bound follows from the equdlities f; (0)=0.

Note that, if we remove the condition f;(0)=0, i.e.,, pass to a system which is
not replicator in the usual sense, then the constraint 0<qg<1 can be removed too.
Indeed, consider system (2) with functions (9) but without the constraints 0< g<1.
Obviously, if q<1, then limf (p)—>+w a p — 0. Thus, in this case, we can

consider system (2) only in Intc . The system of equations obtained in this way is
called an extended replicator system. As opposed to the case of generalized replicator
system (2), smplex ¢ and its faces are not invariant sets for this system. From the
physical point of view, it is natural to consider only extended replicator systems for



which Intc isapositive invariant set. For the derivative of Tsallis entropy (10), Egs.
(2) with h(p)=(1-q)/q

$,(p)=96( p)(l— n(p*° ,V\/pl‘q>9‘2) >0 (12)
where p*@=(p{?,..,pt"), pelnts ;thus, the Tsalis entropy is a Lyapunov

energy function for the extended replicator system at q=1. Certainly, the same result
can be obtained by considering function (7) at small ¢, > 0.

Recall that function (10) was introduced by Tsallis for the purpose of
constructing the thermodynamics of nonextensive systems, and the parameter q is a

nonextensivity measure of the system [9]. The creation of such a thermodynamics is
necessary because large systems with so called long-range interactions cannot be
described by the Boltzmann thermodynamics. The approach developed in this paper
makes it possible to associate each Tsallis entropy with some set of dynamical systems
which explicitly depend on the character of the interactions between the objects under
examination, which, in the author's opinion, may be essential for solving particular
problems. Another important point is that, as Theorem 3 shows, the distribution p(t)

has a one-to-one companion distribution f,(p) of form (8) precisely for power
functions x(t) (8).

In the following example, we consider one of the best known measures of
distance between probability distributions.

Example 3.The Kullback--Leibler relative entropy [10]. Suppose that the
matrix W satisfies the conditions of Theorem 2. We set f,(p)=p ande =f for

1=1,2,...,n. Then (5) gives the Kullback--Leibler relative entropy

Hﬁ(p)=§f>.ln(p./m

For the first time, this function was used to analyze the stability of equilibrium
points of replicator systems in [11]. Note that, since the functions f, are linear in this

case, we deal with the classical system of replicator equations. A detailed analysis of
such equations was made in [12]; in particular, it was shown in [12] that, for such
systems, we can remove the constraint W =W" and obtain results similar to those
obtained above for matrices of the type W = D,BD,, where D, and D, are diagona
matrices, D,D,>0, and B=B", i.e, for the class of so-caled diagonaly
symmetrizable matrices. A necessary and sufficient condition for a real matrix W to
be diagonally symmetrizable was obtained in [13]. It is so far unclear whether the
constraints W =W can be removed in the case of nonlinear functions f; .



Thus, the approach developed in this paper makes it possible to obtain not only
various entropy characteristics but also so-called measures of distance between
probability distributions [14].

Note that the function

- S o

i=1 By
is a generalization of the f -divergence for distributions p and p suggested by
Csiszar in [15]; if the dynamics of the process under examination is determined by
system (2) and the conditions of Theorem 2 hold, then this function is a Lyapunov
energy function.
It is seen from the examples given above that, if we consider entropy
characteristics, then we should set ¢, =0 in the expression for H, (p), and if we are

interested in "distances’ between distributions, then we should take ¢, = p.. We aso

emphasize that Eq. (6) establishes a relation between the derivative of the function
H, (p), which can be interpreted as a generalized entropy, and the function E(p),

which is often (in particular, in works on the theory of neural networks) considered as
an analog of the energy.

In conclusion, we mention that all results stated above were obtained by
formally analyzing systems of generalized replicator equations, which arise in very
diverse fields of natural sciences and, therefore, can serve as a basis for finding
analogies between these domains of natural sciences.
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